Liz Farrington

 Family Weekend is upon us, and Dean Urgo is preparing a champagne brunch at which 240 bottles of champagne will be served. Unfortunately, some pranksters have tampered with one of the bottles, injecting a magic potion that, though otherwise harmless, will turn the teeth of anyone who drinks even the tiniest drop of it Continental Blue. The person’s teeth will remain dyed for a full week. (The effects of the potion are systemic, and not due to contact between the wine and the teeth.) The dye is triggered between 8 and 11 hours after drinking, at which time its effects are immediate and obvious. The time of the trigger varies both with the person and with the wine. It is now 6pm on Saturday, and the brunch begins at 10:30am on Sunday. Dean Urgo wants to find the single bottle that has been contaminated. He is willing to open all 240 bottles of champagne for testing. Since testing only requires the smallest drop, removing any number of drops of champagne will not reduce the quantity in the bottle significantly. The pranksters have also sabotaged the chemistry labs, so the only way to determine if a bottle has been contaminated is by drinking a sip. Dean Urgo insists on using students to test the champagne. There are over 240 students of drinking age available for testing, but the dean wishes to avoid subjecting more students than necessary to the test. There are 16 students whose parents are not coming to Family Weekend.

Questions:

    1. Can Dean Urgo determine which is the single, contaminated bottle using only the 16 students whose parents are not coming to Family Weekend? Provide a solution. Si, se puede! I think the most obvious method is to use a binary tree to identify the nodes; i.e., we produce unique combinations of testers for each bottle so that we can determine the exact bottle that contains the potion. A very brief explanation/example: Let 1 and 2 be testers, and A, B, C, and D be distinct bottles. Let “x” represent whether the tester has tasted the coordinating bottle.
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If the results of this test were, for example, that neither participant had blue teeth, we could say with certainty that bottle D was tampered with. If only participant 1 had blue teeth, we could identify bottle B as the affected bottle. And so on. The formula for this is simply 2p = b where p is the number of participants and b is the number of bottles we can test. Having 16 student participants, above and beyond the necessary amount, allows Dean Urgo the great luxury of choosing a particular student to have a 100% chance of blue teeth; this (somewhat sadistic) solution is represented in the third portion of the attached chart.
    2. Eight of the 16 students whose parents are not coming to Family Weekend have been caught with open containers this term. Can Dean Urgo determine the single contaminated bottle using only these eight students? If so, provide a solution. Again, a binary tree will easily give us unique combinations for eight participants (though not as creatively as for 16). 28 = 256, so we are able to handle 240 bottles with relative ease. See the first portion of the attached chart for an aesthetically pleasing proof of this bold claim.
    3. Can Dean Urgo reduce any further the number of students that must drink from the bottles to be sure to find the contaminated bottle before the brunch begins? If so, provide a solution. Because of the time available between 6pm on Saturday and 10:30am Sunday, we are able to stagger our testing. Daylight Savings customs have created some ambiguity regarding the precise number of hours, but it is either 16.5 or 17.5 and this doesn’t affect our results significantly—so let’s assume that we’re in Arizona for the purposes of this calculation. Our first round of testing occurs at 6pm and includes the first 128 bottles; these results will be evident between 2 and 5am the next morning. The second round of testing, at 11pm, will include all the remaining bottles. If the potion is in the latter group, we will see blue teeth emerging between 7 and 10am. This gap will eliminate any ambiguity about the group the bottle came from. We will need seven people to participate, as 27 * 2 = 256.
    Bonus: Given the minimum number of testers, what is the probability that any one of them will have blue teeth at the beginning of the brunch? Our solution offers 256 distinct combinations of participants, which means that we can reduce or increase the probability of blue teeth by our selection of these options. We calculate the probabilities by the following procedure: We construct a system of 240 bottles, removing any 16 bottles. Conveniently, the nature of our system of 256 bottles is symmetrical, meaning it has two bottles with 100% chance of blue teeth and two with 0% in case of tampering—or, in another way, two bottles that necessitate all 7 people test them and two that don’t require any testers—and 14 bottles with an approximately 86% chance as well as 14 bottles with an approximately 14% chance, and so on. By multiplying these probabilities by their frequency in our 240-bottle system and then taking their average, we can discover what the probability would be for any randomly selected participant. Assume we’re feeling generous while determining these probabilities: we could eliminate the combinations with the highest probabilities of blue teeth, i.e. those which call for either six or seven of our seven students to test a particular bottle. We even have enough leeway to eliminate several of those combinations that ask for five. We can calculate that the lowest probability possible here is approximately 48%. Conversely, if we want to increase the probability by following the reverse process, we can attain probability levels of about 52%. If we pare it down with either more or less humane equitability, the probability that any single person will end up with blue teeth will, as you may have guessed, gravitate toward 50%—which is the probability in the 256-bottle system in its entirety.
