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Coordinate Geometry

... I have resolved to quit only abstract geometry, that is to
say, the consideration of questions which serve only to exercise
the mind, and this, in order to study another kind of geometry,
which has for its object the explanation of the phenomena of
nature. RENE DESCARTES

1. The Motivation for Coordinate Geometry

Fermat and Descartes, the two men primarily responsible for the next major
creation in mathematics, were, like Desargues and his followers, concerned
with general methods for studying curves. But Fermat and Descartes were
very much involved in scientific work, keenly aware of the need for quantita-
tive methods, and impressed with the power of algebra to supply that method.
And so Fermat and Descartes turned to the application of algebra to the
study of geometry. The subject they created is called coordinate, or analytic,
geometry; its central idea is the association of algebraic equations with curves
and surfaces. This creation ranks as one of the richest and most fruitful veins
of thought ever struck in mathematics.

That the needs of science and an interest in methodology motivated
both Fermat and Descartes is beyond doubt. Fermat’s contributions to the
. calculus such as the construction of tangents to curves and the calculation of
maxima and minima, were, as we shall see more clearly in connection with
the history of the calculus, designed to answer scientific problems; he was
also a first-rate contributor to optics. His interest in methodology is attested
to by an explicit statement in his brief book, Ad Locos Planos et Solidos Isagoge
(Introduction to Plane and Solid Loci?), written in 1629 but published by
1637.2 He says there that he sought a universal approach to problems in-
volving curves. As for Descartes, he was one of the greatest seventeenth-
century scientists, and he made methodology a prime objective in all of his
work,

1. Fermat uses these terms in the sense explained by Pappus. See Chap. 8, sec. 2.
2. Buvres, 1, 91-103.
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Figure 15.1

2. The Coordinate Geometry of Fermat

In his work on the theory of numbers, Fermat started with Diophantus. His
work on curves began with his study of the Greek geometers, notably Apol-
lonius, whose lost book, On Plane Loci, he, among others, had reconstructed.
Having contributed to algebra, he was prepared to apply it to the study of
curves, which he did in Ad Locos. He says that he proposed to open up a
general study of loci, which the Greeks had failed to do. Just how Fermat’s
ideas on coordinate geometry evolved is not known. He was familiar with
Vieta’s use of algebra to solve geometric problems, but it is more likely that
he translated Apollonius’ results directly into algebraic form.

He considers any curve and a typical point J on it (Fig. 15.1). The position
of J is fixed by a length 4, measured from a point O on a base line to a point
Z, and the length E from Z to J. Thus Fermat uses what we call oblique
coordinates, though no y-axis appears explicitly and no negative coordinates
are used. His 4 and E are our x and y.

Fermat had stated earlier his general principle: ‘“Whenever in a final
equation two unknown quantities are found we have a locus, the extremity
of one of these describing a line straight or curved.” Thus the extremities
J,J',J", ... of E in its various positions describe the “line.” His unknown
quantities, 4 and E, are really variables or, one can say, the equation in 4
and E is indeterminate. Here Fermat makes use of Vieta’s idea of having a
letter stand for a class of numbers. Fermat then gives various algebraic
equations in 4 and E and states what curves they describe. Thus he writes
“D in A aequetur B in E” (in our notation, Dx = By) and states that this
represents a straight line. He also gives (in our notation) the more general
equation d(a — x) = by and affirms that this too represents a straight line.
The equation “B quad. — A quad. aequetur E quad.” (in our notation,
B? — x? = y?) represents a circle. Similarly (in our notation), a® — x? = ky?
represents an ellipse; a? + 2% = ky* and xy = a represent hyperbolas;
and x® = ay represents a parabola. Since Fermat did not use negative
coordinates, his equations could not represent the full curve that he said they
described. He did appreciate that one can translate and rotate axes, because
he gives more complicated second-degree equations and states the simpler
forms to which they can be reduced. In fact, he affirms that an equation of




































